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Abstract

.
- N . . .
. . 2 °

- A ]

. ' o es . >,
‘Eighth-grade *subjects ciassified as formal or ‘concrete operationg]

e [}

learned a mathematical group structure with either a pre-determined sequence

of trials (RgceptionQMode) or a free chbice of trials (Selection Mode).

All subjects learned a simi}at.ggoup structure one week later in the’
" ,

i . - '

Sélection Mode. Formal siihjects learned,,in fewer trials and used a more
: { - . .
~ e g
effective strategy on both tasks. Reception Mode subjects learned in
K . . M ' . , ., .
fewer trials om Task 1. Reception training resulted in more efficieant

- - ¢ ,e - L 2 .
learning on the transfer task for concreté but not formal subjeots. Sub-

, Jects appeared to transfer rules. but not imposed strategies.
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FOKMAL OPER%?EO\AL THOUGHT AAD LEARNIN?

STRAIEGIES IN AE??EMATICAL STRhCTURLS -
¥ . r; * ¢ L}
ot
- . ¢ e ¢

Dienes and Jeeves (1965, 1970)\1dent1f1ed a heirarchy of strategles .

.
- h ]

- .

N . .

. ‘used in learnlng cercaln ‘Fthematlcal group structqres. OtheJ researchers

-

« (Leskow and Smock, 1970; Tagatz, 1967; Yudin and, Kates, 1963; Yudznh 1966) !

g /
have shown .a relationship between strategy‘use in various qasks and-
' —-\/ “ : - N ) ™4 4 '. -
. chronological age. Using BTOUp structure tasks,' the present study in- _

<

; R
vestigated the dependence of strategy choice on stage of cognitive devel-

opment. . ) . B N
- . . 4 . Ve

N
-~

bevelopmental Stages

) .

Piagét aﬂdﬂlnheldgr (1969) have described four hypothtsized stages

. L 4
-of cognitive development in children, the last two of which are, copcrete,

Operations and Yormal operationms.
v B

Although children progress through these

) { .
\ * stages at differémt rates, the order of the stages is thought to be in~+ 7

ok
’

variant.q

In the concrete operations stage, béginning roughly around 7

> N ¢ »

N ;Elatidhs, based always on his perceived experience with objects usdex con-

= sideration. ‘The concrete operational child alSo acquires conéervation or in-
variance concepts of various quantltatlve physica}-properties, such as
length number 1iquid and solif quantity, area, ﬁass weight, and volume.

Beginning roughly around 11 years of age, the ¢hild begins to enter the

,

formal operational stage (Piaget and fnhelder; 1969). Formal thought has

four distinctive features: .reality as a subset of possibility, hypothexfbot*

Y

.. cdeductive thought, propositional logic, aund the combinatorial systen.
1 . ! ) \

4
1

v

years of égg*\tﬁe child is capable of reasoming logically on elasses and . ..

*--
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N ) L} - -.'-‘ )
. v Whereas a concrete operational child is oriented to concrete reality,

. % - ¢ .

. . ' the &¢hild in the formal opérationnl’stage is’o;lenféd_to possiblity. For :
c oo ; . L .o
' hlm: reallt} is Q subset of all possible Ssituations. - Empirical results. are )
.‘ 1nterpreted in‘the llght of all possible é;;sequences. The formal th;nker Q -
‘ ; ) ‘ver;fxes rEQI;iy bx \castlng p;ss;51e situations in hypothet{éo—deduqtive

. N '
hypothetical stazements, 1ndependent of his dlrect perceptloﬁ-éf their ’ ’

- / . . .

. truth or meaning. He-~zan apply loglc to propositions, not just classes .

. <;\ tstatéménts'(Shgehan, 1970)". " He is capable of deductive reasoning on )

N and relations. . © N . '

5 r - " . . .. .).. B . .

-

. ¢ ) - . .
An impértans feature of formal thought—is the capability for com- Gﬂ]
< 4

»?

I3 . . . .

. binatorial analysis. The formal operational child can generate the array
- e [ N

. [ . « -

.+ o = of all possible cbﬁbinatiqps of relevant variables in a problem. The
-~ ’ . * LN

N S
. . . ..,

. . I 4 .
‘ ', bresence or absence of a combinatorial system in a subject's reasoning is

.
L] . =

’ cited by Inhelder and fihge%‘(1938> pp.'é79~80) as the'crucial différence:
. -between'concregé_?pgrational and formal operzfional ‘thinking. If is''this

" > . . . .

' " . coﬁbidatorfgi:syéteé which makes it_possible for’the ¢hild to consider ]
' - . - L2
. ‘ - . K
, variables systematically in a search fpr functiopal relationships between _ fﬁ\\\

. .
¢ B . > . -

- ' variables. The combinatorial- operations make it possible for a subject to

.
, . - . . -

Voo ;éolasgleach variable in turn while.holding the other ~ariables ‘constant,

b [

and to do this é&stematically. In conrrast, the concrete Operational child
[ . o e 1
. ’facgd witb a multl-variable situation often fails to consider either con- v
» ‘I, X . :
* 4

’ pletely or systematically the combinatorial array of possiblities. In- *

an experiment conducted by Inhe]dey, where the childrem were to determiﬁéﬂ\ .
. N : . '_v
/the varjables affecting the raté of oscillation of a pendulum, "subjects at

" the level of concrete operations [varied} everything at Eﬁe same- time ..,

» - : -
. . B .
. N » .
Y . .
. » L)
.




(Piaget and Inheldef, 1969, p, 148)." * ’
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‘Mathematical Structure ' )

’
-

A A mathematical example of an arréy of possibilities is the operatidh- Y

e
-

téble in certain mathematical systems. These systems consist of & set’ .
iy .
of‘elenents together with a rule or zunction, callea a blnary operatlon, *

-

which’ a551gns d unique result (one of the set of elements) to each pair \

(hence the name."blnary L of inputs’fzpp the set of elemenfs. ~ )

. t. LRy - : "”'

" Although addition, subtraction, amd other apvithmetic operations are \v/(/\

’ * : ‘ ’

défined on an ‘ipfinite set of numbers, binary operatifns defined on a .
" * - " foe

’ 3

]
f1n1te~set of elements are also of interest to mathematlclans. Dienes and .

Jeeves (1965, 1970) develbped a tasi® m.th which they stndied strategies

for learnlng bli?ry operatlons from certain flnite pathena®cal systems. _ S

. . Y . N
Their subjects learned the rules of the system through g series of moves, . :5 :
“ ' ) . \ ' ! d

. . : '
or trials, in a game-like situation. Tﬁeylset up .2 "machine" wifh a window
- . .

€
wher® one of a small set 6f symbols was shown. This was the "state" of )

* the machine.- The subject (or learmer) could choose one of_ the same set of '

*

1
symbols to‘“p}ayﬁ. The "state¢’and "play" pair of symbols determined a’

unique result as the next "state . The subject was allowed to make Succes-
‘ ¢.e
sive plays, in an attempt to learn ‘the "rules of the game , that 365, to be )

able to predict the result for any given pair of state and playy
o . M . y ’ .

. A .
re

; . Strategy . . o : . ’

-~ -
.

. Dienes and Jeeves described’a hierarchy of three types of strategies,
< ) .
. )
from IOWest to highest: menogx where the subject learned each combination " *

- . *

or,pair separately, with no connections between, the pairs; Eattern, where

. . . 6 | ."‘- ‘

o




\

~

the subject organized the set of pairs into subsets, each geverncd by its
’ ’ e, 4 ’
own rule or'pattern° and dperatdr, where the .subject viewed each element as

" \]

"operator" transformlng €ach of the symbols it has paired with, evidenced

H ~

-~

- by the sjsiect holding one of‘tpe symbols constant over seueral learning

trails to 1nves;1gate how it Operated. In aqgltlon to ghavthree "pure"
-

-strategles descr;bed above, mixed strategles kere observed. .
~ ' . Sﬁ
. ‘.
A S " -~ ‘ . .
Mode of Presentation. T <. .o N

F 3N . .
- Th¢ subjects in Dienes and Jeéves' study were cbdnstrained in their
A ) . ¢ . . -
. . r_/

o » :
choices by the result of the \previous me®t, as noted by Branca and kllnatrlck

(1972). Branca and Kilpatrick sugges;éé that the gfrategy scores nlght ¢

have been somexthat insénsitive to the actual strategy the subject wished

-
*

to use. Kellogg (1973) and Jeeves (1971) both report that subjects allowed‘ ‘

"to freely choose Both inputs learned slgnlficently faster than in the s

‘'state-pla¥-state ‘format. Kellogg reported consistency in strategy use -
¢ < . - .

\
-

across the two formats. " Y .

i A

v . >
Either the subject or the experimenter can choose the input pairs in
. learming trials, When the subJect has, free ch01ce‘of the’ 1nput pairs (and ..

their order) for all Iearnlng trlals the task§ lS in a selection mode. If

the experlmenter selects the sequence of 1nput palrs to be presented to the

. learner, ‘the task is in a receEtlon mode’.  This dlstlnctlon ik parallel to

*. a

- one niade by Bruner (1956) in concept attainment tasks. He classified the

task as reception or selection depending on whether the experimenter or the

learner ‘could choose and order the éxamples about which the learner was to

receive information. *

. .

. .
”» s b -
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-

‘strategy of hglding one input constant whilé.investigatiné the effect of

. ¢ .
Since the learner controlijtne sequence of information vhich he

examines gnd processes when using the se}%ctlon mode, this mode is ideally.

usefut in studv1ng the learner's strategy In particular, the formal -

A

) operatlonal child, with his sgpagdty for comﬁinatoriaf/t ught, should be

Y . - ' L A

able to gonsider the full range'of possible input pairs,'brganizing and
investigating them systematically. \The concrete operational child is more

. , * » . . L] , *

1ikély to be satisfied with and only capable of an incompldte or unor- '

ganized examination in input pairs. The formal operational child should

seek to isolaté the effect of each of the'tyo variables he controls (the

.

[y ¢ i . -
‘two inputs) by holding one of them constant and’ varying the other. The

' ) - -
varylng the other input 1f/what Dienes and Jeeves label an operator strategy.

.
[

oo - S
. . ;]
' PROBLEM 1} "
. —— ¢ .
. : - . A\

Since formal operational but not concrete operational children are
’ ” r o .
. o A , ..
expected to apply combinatorialjoperations in a multi-variable situatipn, an

operator strategy should be used more 6ften‘by the formal operational than

the concrete operational children. The present study attempted to examine

the vafﬁdity of this conjecture. If there is a dlfferenqglhn strategies,
-"

it may be acdompanied by'increased efficiency in learning??or formal opera-

-

tional children. ’I‘his stu'dy exanined whether, m} selection modeq formal

operational chlldren learn in fewer trials thap.foncrete operational ehildren,

»

4
Such a dlfference in learning eﬁficiency may be dué not oply to the\use*

'

of an operator strategy, But also t? an increased capability to hand}e the

“4a

» -~ Coe
8 ) '

~




(] < \ . >
Information as it is structured by an operator stratpgy. 'By experlmentally
) imppslng an operator strategy, the neception mode can be nsed to study- the

learn r's ability to process this structured information sequence. ,This"’

" gtudy ttempted to determine whether formal d;erational children use the

- 4 v ' ’
.information from an 1mposed-operator strategy sequence more effective}y,
. . . :
. and thus learn in fewer trials than conérete operational children. *

]

1Jith1n the limitations of its des1gn,_this study also attémpted to

provide information about the effect of presentation mode (selection vs.
reception)_angd developmental stageé (concrete vs, formal) on transfer tb a

v  ‘later task. "
Pt

.
.* * AY ’

}
PROCEDURES ) .

’ . . - o\ . . . -

‘. The instriment used tovclassify students as concrete or formgal o era-
. ~ * .
tional was a minor nodiflcation of a test developed by Longeot (1965) and
_trans}ated from French to Enélish by Sheehan (1970). A Yew items were re-
b A . .
+  worded for chrity and thg‘four'subparﬁs.of Sheehan's version were rearranged

.
.

" for egsecbf administration in the cpoperating‘school. The test contained'
A
deductive reasoning'itens, propotti‘hal thinking items, and items reQU1riﬂ%§
the 1isting of all Ibgical possibilities for certain events (combinatorial &\'

fxems). Criteria supplied by Sheehan were used.to classify,students as -

5 . o, ' ! . -
concrete operatibnal of fofmal operatiohal , ;
’ . . ’ - ) - »
< . h . ‘.
, .0 . . . .
SamEle . J v ‘ ‘ D
[ . . -8

L

. The subjects were e setected from the 305 eighth-grade mathematics students

in a ural-suburban junior high schbol. Two hundred fifty-one completeﬂ all
.. y '




~

<

' ~ ' ! ‘o
sections of the classification test. Using Sheehan's criteria (1970)

120 students were class1f1ed as concrete operationa and J105¢ as formal ..

»

-

-

-

operatlonal with 26 students unclassifled

v

»

A randOm sample of!20 students was drawn frem the‘llst of those pupils

concrete operational.- Similarly, a random sample of 20

. ol
[ - * S e

chosen from the formal pperatlonal lrst. SubJects were asked <

classified

by the math-team leader ‘if they wduld be w1lling to partlcipate. Three

. - T A )
formal and s1x conrete'subjects declined to participate and-were replaced
. Yo~ .

‘ ‘with randomly chosen replacements from the respectlve Yists,

.
» B . . ° b4
2 1 ) he . ~

. ALY . . . ~ .
3 : : : \
.

.. )
e

.

,\

Px

~

’

mental tasks\Were presented u51ng a gameboard with three columns.

gameboards for Task 1 and TasL .2 are shown in Fﬁgure 1

\

The
%

5

(

§§perimental tasks - ’ . e . I ’ AN
) T\ LI . e J . -, - — . .
+ ., Each of the 40 sugjects #as presented indiwyidually With two experfmental

taskg,’ the’ second task approximately one week after the first. 'Both experiﬂ"\\(

"< Each subject was told that he was ‘to learﬁ the rules of a game. Each

\ Il . 1 “ ',
time a 4;cture in the first column and a plqture in the second.column were
't

chosen (usinngarkers on the gameboard), that pair would determine a certain

.

answer or result in the third column,

[N

ac¢ording ‘to the rules of the game.

(X 4

A third.marker in the f1nal cobumn wWas used for the subject s prediction

- ’
¢ ° ‘

and for the experimenter s feedback «of the correct response to the-given,

o

s
&n?ut pair. e ’ ) .

lnserF'Figure P
. 9

.
- e e e - - . .

s

"

» .

o

) . \ .
a0 - T




A learning trial consisted of three parts: (a) a choice of_inpﬁ; pair .

. I - P N
(subject's or experimenter's choice, depending on the experimental”treats.
N - . Ro2)

-

. - . . - 1 1 . ~ <
. ment); (b) predictionsof th@ gnswer by the subject; and (c) verificatidnm ‘ ‘e

——

4 . 'r
or'correction of the answef by.the experimenter. The particular rules or

.{\. . -
’

4 . ' (3 . A .. * ’
operations which the subjects were asked to‘leirn are summarized by the
. T + . . 1 3

'operation.tables|§n ngure 2. The mathematical systems illustréted are ’
the cyclic groyps of order 4 and S,,respectively. A N
" —— e — - - - - - - - v - . : N
N L - - N . .
! Insert Figure 2 about here . .
. - - - s - 2 \ . v
T e e m e e e e o em e am e am e — \

- . s .,

géch taskewas- presented .in blocks of,3é'lgarning trials, each block being. ..

[ '

. followed by a criterion test to assess the subject's learning at’ that

. poinfs The sﬁbjeéﬁ continued receiving the 32-trial learning blocks’
N . ¢

‘ . ; - i
uptil he passed a criterion test. The task was then tetminated and the . :

‘subject was intervigwed. ' oo
. <0 - » & (.
. 4
Tasks were presented in either a Selection Mode,” where the suhject

~
‘

4 .

* chose the inpup pairs and thelir ofder,_on‘in a Reception”Mode, where the .

input pairs azgtsyeir ordet were pre-determined aﬁd presenfed by the ex-
h

Sele&fion_subject was told he could choose "to pgg the'

»

perimenter.
~«markers-on any input pair and the correct answer w7uld be indicated. He K
; ? . . Y .

would receive answers for each pair he chode, in whatever order he thought

.
. -

. . would'help him learn the rules of the game. Each Reception subject was

told that:the&exper{henter would show him the answer to the various pairs.

o He was to watch ;heJ}esults and attempt to learp-the rules.of the game, g

. v -
\ ‘e e

Each, criterion tést was acset.of gpfals selected from the operation i
. . P . . N
‘ . - / N . . ’
’ table of the structure to be learned id the task., The experimenter present-;

' ed an input pair'and the subject ppedicE?d the angwer. No corrections were Ft ey
; ! Lo - ’

P made on individual paixs; the.subjects was told at the end of the test:how 3
’ ’ ) . N . M . < . v . ) T-
many he had done correctly, e.g., "6 out of 10", Not.all possible pairs , . . |

.
. * - ¢ L
N . \ : . 4
[y . « o0 . N
. . . . .
» N B ’
' -
. . . t. Y <
. ~ ’ » . . . -
v . . 3 . -

. o . L VS B . o *




. Poae ~' et - il N .
‘ ' were tested on each criterion test, t8'1essen the amount of time spent on ’

» ' -

tesﬁing and thus make standard per10d1c tests reasonabie. Pre11m1nary

: §£udy 1ndicated that " 10 trials for Tgsk 1 and 15 tr1als for Task 2, 1f T,
\‘ s o, . ” . < .,
* chosen to be teprasentative of the mathemat1ca1 structure were sd}flcent :
v ° ~ . »
- L . ?
P ‘. to indicate reasonable mastery of the operatiqn rule, The particular T -
selection of trials was varied from one criterion test to 'the next. . \.
' After the_ learning of each tabk was completed, the subject was asked ° . '
* to desdribe the "Yules of the “game" as he saw thenm. . coa \
» ' _, ' ' ‘ . : . ~——F -
¢ R - st < * ' / -
. - - ( : - - T
Design and Dependent ‘leasures . . i . "
- , .. - =N e . *
¥ S . k] . )
The 'two main independent variables in this study.were Piagetian stageé “w.
. . R \. ¥ " v

. of cognitive development and preéentation mode of the first task.® Thede ..
. M )'.Y~‘ ’

- . i - N .7 L, - .. .
are referred Lo as Stage and Mode,. respectively, in subseqqent‘dls¢u531ons.

~

O 7 N L i ; . ,
The task assignments'in this study can be pictured as shown ‘'in Figure 3. -
] ) A

. - - - . . . Ld
[ it SR PR e o G e

. . ' \
' . . » . - . - '
.3 v ' .

. Dependent Measures . Lo . ’ ,' o
- - ‘ r» " \ L S . . ’ . ) .
Y ' Lo~ ’ 5 L . . ot b

Many measures could be eonstructed'from'tng trial-by~trial raw data ) \

availkable on ehch subject. This study was conéerned"witp.thefmeasures

. .
° * , . . ~ . .

Jescfibed below. ' - . e ' . . \ t . )
\ . . _ L . r 1
.- -

Operator Score was designed to measure the*learner s use of an’ op€rator -

'
- . . * s y . . -

Y

strategy Operatot’ Score was the fractional part of “all trxaIs which vere c N

L part of operator runs. In an operabor run, one of the inpu;s was held con-




stant,throughdht 3.0or more consecutive trigls., To obtain the Operator -

L4

Score, the number of-trlals involved in such runs was divided by the total '

number of learning trials.

Trials'tg Criterion was desigmed to measure hdw many trials eaﬁka ‘.

. 1 .

subject needed to master the task! , The actual number of trials completed

was alvays a multiple of 32, Althéugh subjects mayoha&é mastered the task
. - ) M B : \) . ) . } -

"win the middle of a block 65 trials, this was not revealed until the /-
- ' ' ' ° . . LN ' ' M .
criterior test. after the full blgck of 3% trials. _Theiéfore, mastery of '

o, e . a

" the task was .operationally defined_to oceur at the earliest Crial after:

e . =3

'
which no more than one prediction error occurred. - Trials to Criterion ..
- ] . . . P "
was defined 4o be the number of tr1als up to the‘p01nt of mastery. !
L4 A f
After eaqh task the subject was asked to describe ay patterns or

‘. » [ Y ]

relationships he observed in the task These Task Descriptlons Yere

- * . 4 N

: c13551fied by the énwerimenter according to categories-which wilI be

» ;"‘ - . R " . ., »
described in the results section. .. .. . L
. v o . . . * . ¢ B §
* AN .\ ¢ . v v
o /7 o . . . - LN . @
Trials to Criterion - . N "' : '
K ' 1 N e , . . . ..
A Stage.x Modg analysis of variance was c6nducted for Trials to.* . g

s " \ ,‘
Criterion on Task 1. Iable 1 presents the results of;’his analysis, Wlth
‘ €

correSponding dell means and standard deviations in Tadle 2. BOth main v
effects, Stage and que, were sign#ficant (p < 01) while the interaction .-
was negligible. ‘Formal subjects learned in fé&er trials than .concrete .

sybjects arfd ‘Reception sghies}s learned in fewer trials than Selection subjects:

. '..‘

.




-Table 3 suimarizes the resulss of a Stage x Mode amalysis“of variance

. -+ . - e .
. .

' for Tr2als to Cpiterion on Task 2. Thé corresponding descriptive statistics .

- : . ' . , . . - -
LS are. presented in Table 4, A’significant S&age efiect (2 < .05)\for Trials
. to Criterion favored tne f6rma1 subJects. Receptlon subJects learned ip _

fewer frials theh Select1on subJects but the difference was _not significant

v

* (.13 < p.< .20). The Stage X ﬂode 1nteract10n effect aparoaches slgnlflcance
- '.\ . . \'
’ (p <.11). A Sme1e effects analysls (ilner, 1971, “pp. 436-441) indicated

- - a -

.. thaq.ghe.cdncrete-formal diffetence was sign@ficant only faf Selecgion

subjects and tnab the Selectmon-Receptlon dlfference was significant only
. ‘. » .

‘.

. s

for concrete subjects. i .

- e ‘. ' . ®
! Y . o

»dperator Score ~- . . N

. -
.

4

i. ] v . " - .
Operator Score was obtai only for subjects*w1th free choice-of leitning

. - 4

trials, 1.é.? s egz

qn the Sélection Wode- Thus,_no Mode factor was_

’

»

. ' ) ., L >
present Tor Opereto Sdpre\pn Task 1. . The results of .a one-factor (Stage).

. ana;;sis of variance of Operator Score on Task 1 are presented in Table 5.

S . L ) P
Formal subgects had, g3 nlgher mean Ope:ator Score than concrete subjects

. ~-

(.52 versus ?6) but the diffe:pnce was rof significaut { 15 <p < .20).

’ ~




. ' . .
Since TasP 2 as presented‘pomplete ¥ in Selection Mode, Operator Score

» . *

. was available forx, all’ 40 subjects, Table 6 surmarizes the Stage x Yode
analysis of variance for Operator Score on Task 2; Table 7 presents the

corresponding cell means and @tandard deviqsions.o Formal subjects.had a

” .
\ ® . ’ .t ':‘.

s
significantly higher mean Task 2 Operator Score (p < .05) tHan concrete '

subjects. 'éoth the Mode and.Stqge x.Hode'éffects vere negligibie for &

. IasL 2 Opéfator Score.

S T M e e e e e e e s e e e e am em e

Stident Descriptions of tMe Task
Al

T, ‘ . l' ( ' Y .
4 .o L
, '« After Task 1 and again after Task 2, each subject was asked to de-

. scribe the "rules of the game" as he saw them. He was encouraged to tell

' . .z . S
everything he noticed about how the game worked. These descriptions .
: - )

were classified by the experimenter into the followingAcatEgoriesQ -
. ' - . . .
-~/ Ogerator, The subject descfibed each symbol from one column in )

) -
terms of how it operated on the symbols in the other column.

For example, several subjects gaid that the symbol 21 moved

. '\ everything one space up on the board. - .
\\ . .,' Clounting. The subject-obtained each result by counting squares 3

on the playing board up drlgown the columns from one or
: . -~ .
wore standard reference pairs or’ from the pr&vious patr.

Subjects often used'the doubles such as ($,$) and (D, D)

-~ *

as reference points from which to count.
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» ° - .
- -

Pattern. The subject formed sets of related pairs, using a knewn )

. result for one pair to *help find the\result‘

. . L4

to another. Sqme
. ) -, . 3
‘of the relationships used were commutativity, ‘symmetry, and

. ) '

the identity p}oﬁerty. To be classified as a Pattern de- ’

- e %criptipn, there should be no isolated pairs ieft unrelated

L] v -~

to another pair oé\pairs.
. . < ’

* Pattern-Memory. Some’ subjects uUsed a pattern description for
. \ t

. _ only part of the task pairs and individually ﬁemorized the

. others. Often the ‘only pattern described was thg identity

.

pfoperty. : . ,
o Memory. The subject memorized each pair separately, indicating . =
no awareness of-any relationships, .

.

~
. )

For the purposes of the present éﬁalysis,.é simpler three level s?stem.

. , ¢ * . :

' of classification was' used: Operator,.Counting-Pattern,,anﬁ'Pattern-
’ Memory ({including full Memory descriptions). The numbers of subjects in

.
<
>

~ each Stage x Mode cell of the experiment who gave descriptions in each °
3 of ‘the three cateéories are presented in Table 8. ; '
' . 1Y ' . ‘ z
v * 1]




. . / . : 1:4 '-“,
To deternmine w%ether the task descriptions were independéntof §tage

. .

and Mode the &2 statistic was applied to the approprihte contingency . ‘

[

tables, with the results presented in Table 9. -

\ T ‘ J .
On bogh tasks, formal subjects gave more Operatdr descriptions &nd

- * e
»

fewer'Pattern-Hemory descriptions thiah the concrete Subjects. On Task 1,

Reception subjects gave more Operhtor.descriptions and fewer Pattern-Memowy
. . . . . %

e

» : .
descriptions than the Seleg}ion subjects. On Task 2, Reception subjects

.
o
. -

LN .

tended to give more Operator and fewer Counting-Pattern descriptions e

' .
-

tharn Selection subjects. ) . A . .
. * . ‘. \
In order to examlne the relatlonshQ? between descriptlons on Tadk.
. N .

1 aggd descriptions on Task 2, a contlngency ‘table (Table 10) of Task 1. ’ - v
by Task 2 descriptions was constructedj- e k St o

T&eni&-eight:;f the forty subject? gave descriptlons in the same

fategory,on both asks.' If the categoties are- viewed as forming a hierar- -

W0 '

chical sgg;e with Operator #s the high st legel and Pattern1Hemory as the

lowest, Shly three subjects chengeg to i loYer level bﬂ Task 2, while nine
[ . ’ . . é ' ' v
changed"to'éhangcd to a higher level des%iiption. Nineteen of the twenty-

6ne subjects:whd gave hféh level (Operatd% or Counting-Pattern} descriptione on

4

] . -
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+
also gave a low level description on Task 2.

£
‘-

. oo
. DISCUSSTON

‘ * ( ' ° *

A primary purpose of this study was to)determine whether

.#
)

there were .~

diffgkences in strategy use between co&&rete and formal-operati al

children. The ev1denca supports the hypothesized Strategm difiere ces, RN

with formal subjects hav1ng a nigher mean Operator Score than concre

A

.subjects on both t'asks. The,overall Eifference was not significant
‘ " - P

"(.15 <p< :20)'on Tadk 1; shils it was on-Task 2 (p-<..05). "It sheuld :

A
" u‘ .

- be noted, that this comparis¢n, involved only 20 subjects on Task but 40

- * . . o‘-‘
sub3ects of Task 2. . . .' : »
N ] C ) L ’ e .
A more complex .tagk with perhaps more varizbles may have shown a stronger ‘

. o

' . . . &
strategy difference. .Inhelder and Piaget (1958) suggest that children in

the late concrete stage might be able to systematically explore one or: {

possibly two uariables, but probably not as many as three to. five They ,

.

© note (p 63) that dultipliration of concrete relations may be used when <o
s . ¥ . .
two variables, such’as }ength.and thickness, are homogeneous (that is, both :

[ . . . -
are spatial). and a lesser amount of one can be compensated additively by a

Al

gain in the other. Pormal thought is required to handle compensations

between heterogeneous factors such as_ length and density.

The two variables (first and second input) in each task of the present
. & . s ’ . . . ;
study are certainly homogeneou§ and their action does compensate additively

. . <
for each other: wmoving up one symbol in the first coluwp i conpensated ¥
. . .

13
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for by moving down one iﬁ #fe second column. . Thus, the particular format

used for ‘the tasks in this study may have rendered them mor® easily solv-

.
s

able by advanced cohcrete operational thinking. . . _f- ! .
%, . : . . L . o
Desﬁite‘the fact that Reception subjects learned more ouickly and .
were exposed to an operator strategy sequence_on iask.l, there was no ~ .
.:difierence betueen the effect’of Reception and Selection Ltraining on.the ‘ . ’-

) }
use of .an operator strategy on the secqnd (transfer) task It is not

~ . -~
.

.Lnown whle ther the eiperience in Tasn l had any actual effect on operator
: s “ .
stritegy'use on the second task, since no group ’received the ’ . .
. . I . .

-

. 'S . 3 * »
. transfer task wjthout previous traiging. The fact that Reception-trained

subjects had Operator scores as high as the Selection—trained SubJects may

be due’ to the particulat sequence ‘used, in the Réception Mode in tais Study. . .° . "

Certainly other se cks may: ‘have different effects on both initial ot
learning and'transfér to later .tasks, € : . <~ . <]

It was suggested in a *prewious section that formal subjects,could ap-~

q N - N e 0 , ’ . s ]

ply combinatorial thought to systematically efﬁlore a Selection Mode task Lo
PR} . n) . » ' .
and would thus learn .it more quickly than concreté subjects. The evidence.’ -
. ) '

§ Lot .
from Task 1 and Task 2« indicates tHat formal subjests dfd learn in fewer | '

trials than concrete subjects in Selection ‘iode.  The results,also indicate -

-

that formal subJects were able to t5xe advantage of the structured data in

. \
the Reception Mode and learn in fewer trials than concrete subjects in the
E] [N IS ¢

Reception Mode. Generally, ¥formal operational children not only adopted < N

an operator strategy more than concrete operatipnal ,childken, they also

tused the resulting information more effectively, . . ’ " '

The advantage of an operator strategy for learning a task lies in the. -

organization it imposes ony the data, enabling the subject to identify the - NN

. : : 19 T
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1

. role of each of the, qariables. EVen if concrete subject® do not spon-

taneously adopt operator strategies they may be capable of using tne

information as it is structured by an imgpéed operator strategy , In 'this' -

4 4
L 3
study,. concrete sub]ects learned more quzckly in the Reécgption Mode. than
» L]
L - .
. in the Selectioh Mode. For these concrete operational children, the

imposed operator strategy Sequence, by holding one variable constant, may

have reduced the compiex1ty of the problem so that it ¢ould be handled

more %351ly by concrate operational thought. .-

Formal operat;onal'suojects also learned more effectivély in the

Reception Hode than in the Selection tfode. In the present study formal
subjects ma) have become preoccupied w1th the planning of a strategy in
Seﬂection %ode or tney may have e;perienced difficulty ;J coordinating
the search aspect and the information proces51ng aspect of‘the task,-
Furthermore formal thought_is probably not fully developed and staEle
- for e%ghth:grade cbildrén. They may-not be able tf(kpply formal thought
c~readily on a novel task and may be 1neff1cient in using it. Tagatz (1967)
fo n%’that fqr fifth and sixth. gxa:e subjects trained in a concept
. -

attainment strategy réﬁuiring formal operational logic, those “who used

this strategy.t ok more trials to learn than those who reverted to a

strategy de ent only on concrete operational logic,

The result’s for Trials to-Criterion-on Task 2 present'a different

. * ) - - s ’ .

pattern than that for Task 1. Among formal subjetcts, those WRo had

. rqqiived Selection training learned Task 2 in slightly fewer trials

than those who had received Reception trainfng. On the other hand, among .

concrete subjects, those with Reception training learned congiderably
] * . . >

. o~
. i &y

o

R

ot
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- - - I

faster than those with Selection training.” For Task 1, the superiority
. - , . .. L >
of Reception Mode subjects on Trials to Criteyrion was explained by the *

a
-

.épplica;ion of concrete 1ogis~to ghe strucﬁured data from an imposed ‘ ) N

operator strategy: .Howeyer, Task 2 was in:tﬁe Selection Mode for all .
. . [ P - . N

gubjécts, so concqpte_logic was not longer sufficient. Reception train-“'
' h

ing did not induce a higher level of operator strategy use on Task 2
\ - .‘,\ N N
The mechanlsm by wnlch concrete subgects béﬁeflted from the Receptlon
. ' ) .
. Mode seems to be by means of theﬂgtansfe?éble insights or generalizations .
i 2 o ) . .
. M > .o

which these subjécts were able to achieve 'in the Reception Mode on Task L.

y 1 more easily than in the Se{?ction Mode.- Reception-trgined subjects

~gave more hlgh level (Operator, Counting, or Pattern) descriptions ‘for -

Task 1 then Selectibn-trained -subjects, especially among concrete .sub- L.

jects, Subjects giving these high level descriptions for- Task 1 had

4 .
L generalizations avallable which could be applled to Task 2. Subjects _ ’

giving low level (Pattern-Memory pr Memory) descriptions for Task 1 had - 24
. v . B . L
eithgr no generalizatigns or one of, limited scope to transfgr to Task 2.

- 4 .
The advantage of the high level Task 1 descriptlon £or the learning af v -

- I3

Task 2 can be seen in Table 11. Yhis table presents the mean trials . e

-
»

N to Critferion and mean 6per?_'tor, Score fo!Tésk 2 for those subjects who

- - »

" gave'each of the three levels of Task 1 desc;aptions.' : ) o \u..
- . l‘. e . / ) . R




) , ) . . sm’\_

Analvsms ‘of variance and‘Neh an-keuls post hoc enalyses *nélcateé thau‘

*s
)

groups 1 (Operator) and.é ( untlzz,Pattern) learned 81gn1!1cant1) faster cT

(p < .05) than group 3:(?at¢ern-M ory) but did not differ from eich’ other.

There were no significant Jifferences in Operator Score among the three
[3 - - . - . .

groups, Thus, the hig# level descriptions obtained on Tesk 1 seeh.to be
, ‘.° - v ] ‘ ‘.

" beneficial for -learning efficienty on Tdsk. 2, but not th%ou@h theegreater

use of ‘an operator stratégy. : ' -t . !

!

.

The effect 6f the transfer of: task generallzatlons can be seen Very

l

clearly in the Concrete-Receptlon cell. The five'Concrete-Recep;ion sub-
LY

.
’ - -

jects who gave a hzgh level Task i description had a mean Trials toiCxiie; .
> te ; . . :

: S <
" rion of 44.4 on ‘Task 2, while the other five Concretg~Reception subjects .

[y -
+

ahad a mean Trials to Cr1{erlgp of 185 & on Task 2. For comparisom,‘fhe’io
a, T
“ Concrete-Selectlon subject5, of which only one gave a high level Task 1°

.

description had a mean' trials to-Criterion of 185.5 for Task 2, Thus, the -
. iy
adVantage of’heception tralnlng for concrete subjects for Task 2 erals to

e / ) ’ VoL
CrIterlon can’ be attributed completely to the performance of the subjects

who gave high level Task 1 descriptionms. X ) . .o

While formal ﬁeception Mode subjects learned faster than forﬁel Selec-

L g

tion Mode subjects on Tagk 1, their perforﬁance on Task 2 was esééntially‘
AT o N
equivalent. Selection~trained formal subjects may have been less distracted

. * .
» . [

by the search aspect on Task 2 because %; theit experience with Task } in’ .

the Selection Mode. At the "same tiﬁe, Reception-trained subjects.had to: N
- Ay

L

adapt to the more Qemanding Selection Mode. It seems very possible,

hewever, that the principal reason for.a la {of difference in transfer . ’

A .
d ’

A .
effect hetween the two lbvels of Mode among formal subjects on Task % was

that their scores approached a realistic minimum number of trials requited -




to master Task 2, Mastery of Task 2 within the first two blocks (64 triqks)

required immediate solution ‘of the task with 1itt1e experimentation Thfs

was accomplished only by subjects who had échieved very firm and,traanér-
-y .

able generalizationswhich they remembered and were ablé to apply approx1-

’

L4

mately a week after they completed Task'l Students who had not achieved

such generalizations on Task 1 required longer to learn, as indicated .
- i‘lo

. ear11er in the discus51on of Table 11. “

PO }

, In summary, Receﬁtion training with an 1mposed oﬁérator strategy

]
.

seems :to lead to more efficient initial learning, but npt to stimulate a-

.

greater use of an operator s~3ategy on-a transfer task than does Selection
. ¥
i ]
.training. Reception training §eems to lead to more eﬁiic1ent¥1egrn1ng on
9 .
‘a trangfer task only if the learner has achieved generalitzations which
! . ’ '

.

ate transferable from.training'to transfer task\ In this study, the two
.
tasks had gimilar solutions. Use of less'similar task might be expacted
to yield quioe different transfer results for both 1earning efficiency
and strategy use. ALso, Receptiou,training using other types 'of learning

triallsequences'may not result’dn similay transfer effects. <

-

In connection with the overall male-female différences found on Task

1, the init1a1 difficulty on the part of female subjects may have beedeue

to lack of experience with task requiring active experimentation or to the
. ’ ) R ” . . , . .
inhibiting effect'of the presence of a male adult (the experimenter) on
v -. ~
the females during the task. 1In either case, the‘experience,of Task 17

seems to have been sufﬁicient to eliminate the differences.

w

-
)
.

~ ; '
Conclusions . .

The principal'conclusions‘of this study are Surmarized beloﬁ.

1. Formal subjéqde learned in fewer trials and tendéd o use an

23 ' )

£
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operator st:rategy Fore than concrete' spbject's-. .- o

2. Subjects 1n the Reception Mode learned more quickly than subJects

- .

I .

in the Selection Mode, while there was no dlfference betweén Receptlon 3

. u ’

and Selectlon training in stinulating use of an operator strategy on a
LY K , -
subsequent task. i,

' " . . , -
e .

. -~
* ’

B
*

3. Receﬁtion training using an imposed operator strategy 'guided sub-

jects to more transferable generallzatlons than Selectlon tra1ning, re-
. 1
sult1ng in more,eff1c1ent learning on the transfer task among concrete
1 “ . . . . []
. ., . .
subjects.. i ST

.
Y . .

124 s

Generalizations of thesetoo'clusions must be qualified by, the choice

of \tasks and sample size used in this study, A different'pattern of

. * ? - - . e f
traésﬁer effects might -be found for Yess structurally similar tasks; since
A - - . .

the'performance of’shbjects on Task 2 seems to‘have been related to the
:tyoe oé insight gained on Task 1. Also, despite the small sample size ,

necessitated by time-consumthg interviews, the study’ hasolaid a basis for -

b o
: “further reséarch, / ‘ ) .
Only one type offsequence was used'for the Reception training in this

7

study The effect o# other types of Reception mode seqlences and methods

-of training on, boﬁh learnlng efficiency and strategy use needs to be

..\

inVeStigated.' Typical‘classrocm approaches such aS'exposition and

. \

demonstration as well as the ‘use of concrete todels might be examined
.and compared. Empﬂasis should be placed on the ability of subjects to T

transfer strategieé to types of problems besides those on which they are o,
'’ ! , . > e .
3 tradned. i : . .

11 -

Comparisons,bétween formal and concrete thinkers should be extended

'to other age 1evils, especially older adolescents and adults. The type
“\

(_ ‘ ’ ' ‘
[ . ~ - ]
¥
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* s * ¢ . » .
\ ' : S
. 1 - . >a ‘ o LU
: - t . - . 22 ’
. . N P . ¢ . R
of resea¥ch design used in this study, vhere subjects within a.limited’ vt
. [ ¢ .
! - ¢ . .

“age range were classified as concrete or formal operationalfand then com-:

- M -

. . » c e N
« pared, should be used more widely to study strategy differences as well
- - [ - . - - ‘o
. - N & .

.+ as the ability to learn .or discover mathematical concepts. 'Differénces, t

t
.- ‘

'S . dbtained simply by comparing subjects at different age levels can be .

conside*ed only, suggestive of changes actually due to° cognltive develop— e
- v e - - o o . "’.-

S .
v ment, which.is confounded with other age- and experience-related factors, >,

. ~ ’ .
' . . The relationship between eognitive deve10pment and the thought pro- # .
. ' ; ‘g

- » -

.cesses used in mathematicdi learning may be studled by embedding mathe—'

* matical concepts in tasks that reveal choices and de iSions mirroring -

- .cognitive processes 2 well as cognitive products. ' The study of strategy '

i .

sequences in this experiment was an attempt at this approach. P

-

Finally, the fine structure of Piaget s construct, of formal opera&n{:i

’ e

S . needs further research and explieation. This will hopefully lead to.mote
v : - N
-reliable and valid group assessnent procedures, yielding more detailéd

development%l information fot both rqéearch and applications. ' *_,~ LT

o
ry -
' ': . - ‘ . J

$ - .' .o ) . . . . -
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TABLE 1 ) ) .
« -2 (Stagej X 2 (Mode) ANOVA:“fo_r Task 1 Trials to Cr?terion .
- Source df MS . F-rqt:}o . .
. ; - v A .
4 . N
Stage . 1 27667.6 7.96%*%% L
L] - ‘W
"c Mode 1 26522.5 7.63%%%
Stage x Mode = 1 . 532.9 . .15 ° .
Within (Error) 36 3475.2 .
Total 39 .
¢ .
*kk P_ < .01
Y .
K - .
- * ) - \
N. L] - ‘
. L ]
A v ) ) .
‘\\ ]
! .
) ) - A
. .
. = 3
3 * v
-
- - ¢
N
| - /
- \ ¢ :
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TABLE 2

Task 1 Trials to Critgiion Means and Standard Deviations#*

(staﬁdérd deviations iq\szsﬁtheses)

1

~

Selection - Reception Total -
Formal " 157.5 98.7 128.1 .
N (65.9) (45.6) (62.8)
Concrete 202.8 158.6 180.7
(53.6) (68.0) (63.7)
Total 180.2 128.7 '
‘ (62.9) v (64.1)
/[
“* 10 subjects per cell - u
4 o
)
] ’ '*
a h L.




. ‘!’J TABLE3

2 (stage) x 2 (Mode) ANOVA for Task 2 Trials to Criterion

-~

6 O
Source df MS' F-ratio

4 ' s

Stage 35046.4 6 :48%*

' Mode 10758.4 1.99

. -
.

Stage x Mode ' . 14288.4- 4 - .
. . ¢

Within.(Errorii' ) . 5411.8

Total

*% P.)< .05
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T TABLE 4 '
. Task 2 Trials tL Criteriop Means and Standard Deviations?* . \

] i R

(standard deviations in parentheses)

<

,

By

[]

Selecfﬁon ' Reception Total
/ N o
) Formal . 88.5 93.5 91.0
" (48.9) (71.6) (59.7)
Concrete 185.5 114.,9 150.2
. ., (79.2) (88.7) (89.5)
U
» . '
Total 137.0 104.2
. (81.1) (79.2)
* 10 subjects per‘cell

\

,-




-~ TABLE 5

« ANOVA for Task 1 @peratdr Score

-

Source .

MS

F-ratio

eStage

Rithin (Error)
»

.

Total

;115
18 055
*

%9

2.10




TABLE 6 ' o .
2 (Stage) x 2 (Mdde) ANOVA for Task 2 Operator Score
- /
§ Source . : df MS F-ratio <
Stage 1 409 - 6.05%x ,
Mode .- 1 .024 135.
P ) Stage x Mode .. 1 .000 - .00 ’
' * ‘Within (Error) 36 .068 - .
; : Total 39 . ' : . ] ‘
* . ‘ » .
' .
‘ LN
a ) 3
¢ ' =
o LY
1
i ’ N .
. A '
s LY . -~
. ‘e
[
- . L )
N / * : . >
‘. N ¢ ) = '

(JV]
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TABLE 7 . \ ‘
Task 2 Operator Score Means and Standard Deviations*

(standard deviations in parentheses)

[ . &
. Selection , Reception Total
. " a
Formal .56 .61 ° .59
(.22) (.25 T(.23)
Concrete .36 W41 .38
. - (.23) - (.33) (.28)
Total <46 51k
(.24) (.30)
T ¢ (
* 10 subjects per cell , . A )
. l-'
| I .
A 7 .
£ ]




. ~~
Numbers of Students Giving Each Type of Description on Task.l and Task 2

P

: 1
TABLE 8 v
¢

>

. . . Counting~ Pattern- d
, . Operator Pattern Memory !
Task 1 '
kL
) ., Selection ) 3 3. _ 4 ¢ . .
[Formal ‘Reception 7 2 _ - ‘
) .' . 3 "b
- Selectiop = -

" Concrete ‘

Réception 4

Yask 2

!Formai.

.
¢

Concrete

Selectign

. Reception "6 2 , .
.Selec&ion : 0 3
_Receptioh 4 3 .3

- ’
. -
*




TABLE 9

.Contingency Table for Description by Stage and Description by Mode.

.

- . Counting-~- Patterr~ x2
. Operator Pattern Memqry “obs
'I,'ask 1 N ‘.
' Formal '10 5 = 5 8.12%%
Congrete . 4 ' 2 14
Selection 3 ™ 4 13 7.29%%°
Reception 11 3 . 6 '
. . [ ] ?
Task 2 : ’ \
Formal 9 9 \ 2 7.86%%
Concrete 4 6 . 10
1§ M ¢ ¢
Selection 3 10 7 5.77%
Reception 10 S 5 )
. 2 - & .
* p.< .10, since for df = 2, X?QO = 4,6 ' .
*%x p < .05, since for df = 2, )(z.rg_,5 = 6.0 :
3 ,)‘ ’
i
v 2]
. {
- ] )
o«
.’ -
R ] Kl
¢ ol‘
\A_ ¢
he 3 :
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, TABLE 10

I .
r? : .Y ’
\ [
Contingency .Table for Student Descriptions, Task 1 by Task 2
c3 ! - 7 N
. Task 2 Descriptions
Task ' .
ask 1 ) Operator Counting- Pattern—
Descriptions P Pattern " Medor¥
Operator 12 1 1 '
Counting-Pattern 0 6 1
Pattem-ﬁemory 1 8 .10
, *
7 - A
.- : x ' \\l s *
. ' L4
.. : ‘-
' - \
37 " -
4 ’ : ;
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Mean Trials tq Crit

-+on. Task 2 for Groups Base

TABLE ¥

v

eriin and Operator Score-

on Task 1 Descriptions

-

. Trials to Operagor
* Group (¢ Task 1 Description ., Criterion Scofte >
) . Task 2 Task 2
- \N
1. . Opérator 69.7 ° A7
. 2 Counting-Pattern 98.9: , 42
3 Pattern-Memory 166.1 ° .57
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Figure Captionst -

Fig. 1. The Gameboards for Task 1 (top)'and Task 2 (bottom)

Fig, 2,
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-Operation Tables for Task 1 and Task 2
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